B AT 8 SHATS]
REAL NUMBERS AND INEQUALITIES

[L1.1] fr: WWWNWWWWmﬁWWWW| SYeleITer
T TR A IS 8 RG] A ST AL AT FCF | A &F 2 [, A,
wieq e Forfi 91 9T AN HAR TS R I [y @R o I SIS |
JRENT (Babylonian, 4000 BC) @< fsat (Egyptian, 3000 BC) e Myyrepe ey
2SI AT I 4R NAfeS N o Tgfe Ay a0 | FrRme I9Te FeIPefas
fracafafE® (hieroglyphic) o 75 | 3 geivsfa wREIRToR I f[Kfeg omm Iwze

LRI TET 2 |
™ o~ {4
P 2{ 3 gl |8 b
i—%};ﬁ{g - joh 'lai I-n.? Brahmi —l=|=|+|F|C|7]|5]|7
: 3 157125
;;’-LT}’J{} v@‘ Q} a3 70 Hindu o [LIR[B[¥ U ||V ([<C|R
JJ-’-ﬁlLS.' VSIS
@ '--xx__ l. e, .i’/."" Arabic S ARASANERENR Al S
27 :’"‘\\.J [ "‘-"jtsl
‘\\ ,,l ‘ ,/), Medieval olriz2(3|8¢|6|2a[8]09
l "
x :-‘—i’ Modern ofv|2(3[4]|5|6[7]|8(9
el 9% ST cerra fererilfan —
>, AT FeATa fafSy BAGD 2o ware @ b, A% BT WANHS SIS AU S AT |
Q. TR e Wy fefoe ada aene #mage q, SEEHTR HNS WIST HATT FACS 210 |
9, IRT AL e wffare Randern o ¢ | v, @@ wemes SORTSIE FLRCadrE ATZ0T ST
ST IACS AT | TATE WA |
8. *F TR R R, e € o FE WRER | b, TE ST QT SIS AT A0S AT |
Q. 9T 5 FARFTS W] RG] FACE TR | so. 7% werfafa sl Somrens (@ruform

1.1.2[ “eIfR¥ ST (Natural Numbers) :
fefeq Tu9 e fomR IR o7 ST (RTSE 19T S0 WA (1 AcelE aag o o3

T NIRRT W WERE W @77 : 1,23, T | AT (@b ATSies
YT | R ITROW IF WERE TR T2 | FEE 742 Gore N 74T 36 241 27 |
TEMN={1,2,3,4,5, . }

ST FATSFE TR TS0 S 7 9 1 747 : (i) TS AT @2 (i) G AT |

(i) Nf#F =T (Prime Numbers) : | (V% 35 @ 737 7e4® R (@G | 992 O3
T GIET = (@ AR O [eE fewrw vy eeae cifee Awy a0 |
@W:2.3,5,.7,1L13, e, ETI NG
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A9 Y] @ e

V4

() NE SR (Composite Numbers) @ @ s apeifas qee) | a4¢ 4% A4l 4if 56 aw
S s fgeeive faeren sioratas ciifta s 4w oo : 4, 6, 8,9, 10,12, .. B0

NI SRt (Co-prime Numbers): 536 sedies saa e 2 o7 A arad are
| Tfo® S (I STae Beot 7 Alra | Sy A e e Ar A At a3

SR G oAy et Weee ey ww
DA 4 GTR 15 AT TRIET I Qg @ AL $eAmE 1. fog 6 932 22 a0

SRR WY A QW G0 AT BAMS 2,

=if SR (Integers) :

i WRMeRR T @M, RO T PR e T2 HAGE (T ARG Aeam I
o TGl vffvanarmr@mﬂm1ﬁﬂzwm26rqrqf%ww|

TEARZ = {ory =3,-2,-1,0,1,2,3, .00}

= 0 1y 2y k3, eienns sttt
ocas@mrﬁacwvmmwmomcascm%qcfmmuﬁwarmﬁﬂmwo

@ 7T o el @ee of L I 10 TR (e ATRGIGFT 9™ TITGE
(non-negative) ﬁwmmlmﬂ\mﬁfmmvﬁww|mwcz

e T (Rational Numbers) :
@ A WA G306 A FAM I AP 4P T AW ONS Jom IR T | T

AT g ST P! 41 T @A p, q € Z @92 q # 0.
T ARICRTCE SN T I A IR @I 526 Jom AW W S T R4
WlWﬂiWﬁWQWEﬁWW@I&WQQ={E:p,qeZQ?‘(q#O}

ofef T FReeTE JeW T A 7T 1, et Z < Q.
T SIS v ST FAed ST Of T A 1 Wige Wil eies =W |

5 I 7] .

@ =125, §=0125, T =-14, 7=13333.... =13
.. 2072-20 2052 114
2072727 2..0. = 2073 =S o= = T = 2

E e R (Irrational Numbers) :
(T 73T TS 720 o TR TRA R & T T A SIE SR TR 0T | T
ﬂamﬁwg ST & 3T JR A, QA p, q € Z IR q # 0. |
YA AT G0 Q' WA o 41 7W | 4l T GH TR A Tyt e S
T 142, \3, \/5, m, e, log3, sin2° 2] ST IR SARA |
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Y

T V(] P
ANEN NS WISy Sy e i g e swnfor o a0 Al A A e
WIS W @ @A ||
GV A 14189205358979323846. e,
¢ = 2.7182818284590452353.....cccnn......
V2 = 1.4142135623730950488................
V3 = 1.7320508075688772935.....0cccmcienn
QT 2 /2 @SB ST AR |
T SR, A2 9B yem swany | \/§=% [GreitT a, b e Z; b #0; a8 b TZCNTF]

(fr: cat: o]

aT,2=§; [ TW] T, 82 =207 cooersensssssinsessssssasssssesenes (i)

8% 2b%, 2 WRT ROwy | JoIR a% 2 W [ony | weud a, 2 Ak ey wEe @I
opef steia 7o @b Tfers Ae=T qret ferey 2t e Aeyfbe @ wifers Ay ae oy |
Ma=2c @ @ceZ

Q4 a 9F T (i) | @ IFEF A%, 2% =207 A, bP=2c" .. (ii)

(if) 2 TS TR LA F IR (T b, 2 7T frrey |

eq1 a © b TOHR 2 Tl rorey walie «Tr =B e BeAE 2; AT ATRAT R |

TERI (2 T TS AT AT | TG, A[2 G T 0T |
T : (I aifoeer TAES AT =i SIS o A9 (indirect proof) I |

Tarzd-1| M6 SRS oW A wgem of SRR T w9

(1)2.309 (i) 3.1787878....... (ifi) 1.2345.......
2
FAL: (i) 2.309 = % T 935 4f st Sy |
Q1B Yo FRIT |

. Lt 317831 3147
(i) 3.1787878.... = 3.178 = =555== 555"

1 36 o TRAIF TP R Fe T T |
(iii) 1.2345...... TYibre wifis R «itae T@ele o9 27 71 ARE JFIgos &7 771 ©if

TAIBTe R < TR ST T I AW |
. ARG &ye7 |

" BT AT (Real Numbers) :

TV QIR YR TRANGFICE Q0 IET AN T | IR TR G0 R T Fo® w47 27 |
JfRR=QuU Q"
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8 T AR 8 GHTS[

AT MY SIS Sorgrom) FRAMET :
W MG @3 STeecaE Ry frg ey fifirs war a1 @3l ff2 Ko 0
SRS 1, 2, 3, ... q9% o Rl o T 1, 2, 3, s Wmﬁwmwml
ST, 0 99 I 1, 2, 3, .. quﬁaﬁﬂi@ﬁmﬂw—l -2, -3,
FRIMGETTE i w37 37 |

T T S AR I A (@ @RI T TR TR &7 el T

‘* v v

3 -2 -1 0 - L 2 1

fora, Wmm\/‘ﬁwwﬁ-ﬁﬁmwmﬁiﬁl @7 &fST T OPM TG Tafery
\2. ¥8a3 O R (FF W OP 97 Iy

farguers wfogw Op = OM”+ PM2 = I +1=
maﬁmammﬁmﬁsmw\mﬁwoﬁwmmnwoﬁﬁﬁﬁw

ermm/(\/') T 1 =3 ey frof g o fora <o T
Wﬂ{m Raal

(!) Cﬂﬁa‘ FRATE C’Tﬁ ¥ Re.l Alncbralc "'j\

(”) :iﬁﬁﬁs TR Gio g , ; .)-v-“ R-thnal s ;’: L _\/3

(iii) "TreIf® MY G0, N _,,, 1 "“ ".'.2:::."
(iv) 1 AT G, Z i *77‘

(v) 7 R GB, Q
(vi) SEW TRYE G, Q'

JeMmNcZcQcR.
firsa fora 8T T R @F SACHGT @RI
[EF AT
Y
: }
TR0 TYAq A

il 7 o

S : : ! ]

j\\‘"ﬂ‘@?? 9@%{5] Lﬂm w7 | | «os sy az«y} BT foxar B
:

: k!

[T PRavTERE = =
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g LT G Y] ¢
[12] w9 s Nrdffes ot (at.cat. s¢l
Ao i@ : I TR GB R, @ ¢ o YR B effefye fpafde itfers

afBrafe (T B |

1. SRwST (Closure Property) : I8 AT G @M G & aifermy waa | Sdfie @t
735 ET AR Q@TE GR GOIF THIR IR 73T A |

Tda,be R @ ()a+beR aR(ii)ab eR

@ 5,7cRRETAS5S+7=12e RAR5.7=35€eR

2. Sl (ljniqueness Property) : aWa,b,x,y e R @Ra=b s x =y ¥,

o (i) a+x=b+yd’k (ii) ax =by.

3. e R (Commutative law) : I8 FRIMSFT QT Gk ot afeamy Ry |

Ifia. b e R T, O (i) a+ b =b +a 9 (ii) ab = ba.
@H:5,7ecRzeqA5+7=7+54R5.7=7.5

4, et R (Associative law) : R AETGH @ 8 of efe wwn Ry o0 v
A a, b, ¢ e R 0. T (i) (a+ b) + c=a+ (b+c) AR (ii) (ab)c = a(be)

Qi 5,7,8 ¢ R 26 (54 7)+ 8= 5+ (7+8) 4R (5.7)8=5(7.8)

5. 307 A (Distributive law) : 7192 372472 o4, @O $of1 TOTTATT |

a, b, cecR @, @ () ab 4 c)=ab + ac 4 (1) (b + ¢c)a = ba + ca.

@NA: 5. 7.8 c RRSTR 7+ 8)=$ 7+5 8 4m(7+8)5=7.5+8.5

6. SOSWTEE WY (Existence of identity) : 1% Jnefin 5@ qiief @ o AfGmIeT Sens
v |

(1) R a ¢ R €3 o) @3 w2 0 fmwm @@ a + 0 =a G0 +a=a.

(ii) 7 TR a ¢ R <3 o= 2= q9e =y | ww W al =a 9 la=a,

0 0B (T ATEHE Q¢ | O S8 9= E |

7. foifeT Wiy (Existence of inverse) : 1. G, »4]
O W YR @ RoTes (additive inverse) FAam @@ w4y a1@a A ¢fifrs
fewdre= (multiplicative inverse) &mT= |

(T acREASTT-acRFTa~(-a)=(-a)+a=0

(a0 acREASa'cRFaa ' =a'a=L

AW T RITW-TeR@T+(-N=(-T)+7=05=— 7 ' eR@®7.7"'=7",7=1
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&

G T 8 GAS[

Qs Ntz ecamt : awa et (e Ridefer e e oy o 2 w9
(i)mmﬁﬁﬁa,b,celRtﬂﬁla+b=a+cWTb=c [oT: 5%0‘1,08;
T2 (@ 3, 09; T @ 3Y; BT @: ob, 08;3: (Mt 0B, 09 qr: G obs Tk QM 0g)
FWH:at+b=a+c
q,-a+(a+b)=-a+(@a+tc) TR ITTOI]
A, (~a+ta)+tb=(-a+a)+c [ FAP]
AW,0+b=0+c (@ Retdre]
S b=c [T STowa]
(ii) eI T R : a, b, ¢ € R @@ ac = be T a =b, AT c 2 0.
[@: @ do; T: @1 d9, do; Bt @t do, ob; Tz (: 38, 0¥, og|
gMt:c#0 .. ¢ e
9|, ac=bc
T, (ac)e' = (be)e™  [&To ]
A a(cc')=bec™) ot wegart fafd]

M,a.l=b.l (e oo ]

na=b (&7 ST

(i) a e R 9T &7 2.0 =0 [Br: @t: o; Bf: @T: ob; F: @ oy
qaret: | +0=1 [Ty wrewa

9, a(l+0)=a.l [eTara wwwTeT]

M al+ald=al [x%= ffY)

A, a+ald=a [eTorg wTEw|

A, -a+(@at+al)=-a+a [QOR S==e)
A, (-a+a)+al=—a+a [T FxeEm]

A, 0+a0=0 [ fasidres]
5a0=0 (@TE STeRE]

SANST (Inequality) : SR &1F REAR ANRETS < | > (9XT 341 T | O CHFAA0AE
<, 2 SO 73S IS W1 a < b 9 ¢ IV AIAE a @7 affow A 7 b @7 aferh
e I SRS | SRR, 2 > b @3 9 I AT 2 97 afewH 77 b 97 afewd fom
I SIS 12 < b IS PHa<bIWa=baRa>bIMETWEa>b W a=b,
IV YN e TS Qe T -

()a,bec R OITTa<bI@a=bJ«a>b.
(ii)a,belR-‘ma<b€tﬁCﬂmFﬂceRﬂﬁv"ﬁa+c<b+cma-c<b_c,

() a,beRAMa>bTA(F)ac>bec @MW >0 (Yac<bc @A <

(V) a,beR@Ra>0,b>0TFa+b>0 93 ab>(

(VIa,be RERa>0,b<0TTab<0
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R IR @ SIS 9

et TR Rt e

@) a,b,c,de Ra9Ra<b8c<dTa+c<b+d

g9 :a<b =>a-b<0 WA, c<d =>¢c-d<0

@I, a-b+c-d<0 =>a+c-(b+d)<0
natc<b+d

1

(ii)il,beﬂ{kﬂ?{a>0,b>0\'ia<btc?r§>B

a_b . 1
g:a<b=-<o [va>0.7>0]

a b 1
== 220 1 5>0]
1.1 1.1
| ~b~a "a b
| IRM (Interval): IFC T IBI T GAT |
735 < AT a @ b (a < b) 47 vy ey weera <afy oz Seemoat el <o
(i){@iTcﬂﬁﬁTW(Open Interval): (a,b)= {x e R:a<x<b}
Q31T a8 b TBIE 7 5 TS 7T IR TRAT TG |
' +—O =
' a b
(ii) 3% A (Closed Interval): [a, b] = {x e R :a<x <b}
Q9T a8 b X TS 73 BT T TG E |
O o0—+
. a b
(iil).T4eTI-9 534 (Open-Closed Interval): (a, b] = {x € R:a<x<b}
amawﬁ@w&@bma«nﬁwwmﬂnw?@
«—0O- —o—>
a b
(iv) ¥%-T4rT ¢ (Closed-Open Interval): [a, b) = {(xeR:a<x<b}
amaw@ﬁwbwwﬂa«wﬁ@fwwmﬂnm’m

—e —o0—>
a b
(v) ST TR (Infinite-Open Interval): (-, a) = {x e R 1 x <a}
QAR 2 SOGT T FFF a (U0 (B 7T 6T AL TGS |

———t )

- O— >
a
(vi) S-% <1 (Infinite-Closed Interval): (-0, a] = {x € R : x <a}

QNI 8 TGS @R a (AF (O 7 I HRANG TEYS |
- -0— —+>

a
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IREY T 8 G|

(Vi) TITt-Sr3thy qrafy (Open-Infinite Interval): (a, ) = {x € R : x > a}
QM 3 SBYF =7 g 3 (AT I AT @ IR TSGF |

P> — ) I
W —J »

a
(Vi) -3 53fi (Closed-Infinite Interval): [a, ) = {x € R : x > a}
AT 2 TELS R a (AF TG FT AT TS TGS |

a

(ix) ST I (Infinite Interval): (~o0, 00) = {x e R : ~e0 <x <0} =R
QRITCT e IR IR SBGS |

- »
< : . Ll

B (i) (-2,3) = {x e R: -2 <x<3} (i) (-2,3]= {x e R: -2 <x <3}
(i) [-2,3)={x e R: -2 < x <3} (iv)[-2,3]={x eR:-2<x<3)

1
(V)(%,l) U[2,5]={X€|R3'2_ <x<lWW2$XS5}

TS G5 : BT TR AT TATT A 4% T I GFF GG IR T M ATGqT iy 37
A T (TCFTCAT SAMITT T 9T R8T A x € A = M 2 x, O A GO St
GG 71 T 9 M (& GBS Ieet |
A= s =2,-1,0,1,2,3,4, 5,6, 7} 36 T o6 @3 7 20 S6T1 1 Sy
RC G ACPIAT AL 6 ST |
ﬁﬁrﬁwmﬁ:mmwm@WAaamnﬁawmmwmmmmmm
Aaammammawmmﬁﬁxe,A:me,WAmﬁﬁ?wﬁﬁﬁw
T 71 TX @92 m (T G Pt 967 | ;
B={~1,0,1,23, ... } a3l frpiife ofF @3 -1 2w st | A fydtn zs o
CTCITAT SIS [T |
ﬁﬁ@mﬁ:aﬁ?ammmm@m%nﬁﬁ@amﬁﬁﬁ@mwmmm
3T G5 (Bounded Set) I 27 |
s={—1,o,1,2,3,4,5,6_.7}aﬁﬁmmnamemmmm%@.

948 KA (Supremum or Least Upper Bound) : T S g Tt
m«wmmﬁwﬁ?ﬁﬁmaﬁlsmﬁﬁ?%ﬁ%&psmaﬁwaﬂwu

A= {os =2.-1,0,1,2,3,4,5,6,7} a3 3¢ifte o5 @ Sup A = 7

%% A (Infimum or Greatest Lower Bound) : & fifire cige fagsef®

memﬂﬁéﬁsﬁmaﬁasmﬂﬁéﬁﬁfmmswiﬁswlm

B={-1,0,1,23, ...} a3 F§Aive ¢G> <R InfB=—1
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194 S| @ e o

[Swiaaet-2] 8 = 4x € IN: 7 < x? <39} T Sup S G Inf S e 7 | (3. 1. 35, 1, . 5a)

HAAYA: &8 (B S = {x € N: 7 <x? <39}

N={1.2,3.4,5,6,7,8,9, 10, .. ... . }
S T TAMNGRT O+ I T T 5 7 (AT I8 (G 39 (A (2T |
. S=13,4,5 6} |

S Sup S=64ARInfS=3

n
SrREe-3 s={ :new}mﬁmslnpsamnfsﬁvfﬂwn [G1. 1. 5, T. (L. 59

n+l1
W:S=Jln—:—:neﬂ\'}= %:nelN = ll:ne[NI
o L
n n

s SupS=1 ﬂﬁzlnfs=%

W-zt S={x € R:2x*+ 3x - 5 < 0} cofda sy F=A (Inf S) aR =R G

(Sup S) e ==

AR S = {x e R:2x*+3x - 550}
={xeR:2x*-2x+5x -5 <0)
={xeR:2x(x-1)+5(x~-1)<0}
={xeR:2x+5)(x~-1)=0}

={xeR:(x+§)(x-l)$O}

(BN LV

. oIS RS (Inf S) = - 5 @3 W8 TS (Sup S) = 1

1_T_4J W’i’(‘mﬁm@f (Completeness Property of Real Numbers) :

(i) TR YR QT &5 TERTT TF OR @A G35 df98 SAAN 44, 4T 4129 AL |
(i1) TV YR FA] G0 FRA 1N T OF (&9 G305 172y Frgpaman 4%t 71 IR83 Ay |
R3Y: T G G5, Q & Fopie «F WG 71 | SR TIEA, T AT SO

S={x e Q:x>0,x <3} <% TEAITe 5 | 7 97 Aws THW 3 | W @3l gw
I
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19 Fe(] @ WNET

SENNR (Absolute Value) : (. . 5

(HTH] AW TR SR TS FeA veapadny ( 4 are @939 vars Bl Fol
N T STNNRTE |x| R OT F9 TW | AT A x TAANTGF AT AArIgw AB 2 A oy
ST |X | W SATGF (non-negative). T x > 0 T [x| = x dax < 0 20 x| = —x

( XqEHx>0
XTEx 20
s {8 = ‘;__xWx<0\5WFﬂlx|= bR¥x =0
‘ X TAx <0

TS [5] = § TR 5 > 0 WA [-5] = - (=5) = 5 I -5 < 0

iR & (Properties of absolute value) :
(i) |a] 20 (i) |a| 2 a (iii) |a| > —a (iv)—|a] <a<|a] [F.QLyy

a| _|a|

bl ™ [b]
(viii) [a + b| <|a] +b| (ix) [a—b| <|a] +|b] (x)|a=b| >|la| -|b]|
(xi)a20 ¢R|x| <aTA-a<x<a [ AL oy, oo; . @ 0]

) |af*=a’  (vi) [ab] =]a| [b] [FL.G. Yo, AL os]  (vii)

(xii) [x| 2a TAx < —a A x 2 2 AIMTa 20

g (i) a=0 T |a] =[0] =0

a>0%|al =a.. |3 >0

a<0Z|a) =-a .. |2 >0[ -a>0]

;. AR 2 € R 99 &7 [a 20

et (ii)aZOQ‘Cﬁlal=a(WW<Wm) |

W[, a <0 el [a] = —a = [a] > a FEA GTF@—a>0>a
S (CFItTTa € R 93 &7 Ja] > a

p G R T I R G N T R (D
497220 = -a<0 =02-a

=azl2-2 =82=duueiin ! (2)
(1) € (2) T T A1Z, 3] 2 = @ covvvvererrrerrernrrrnnnne ?3)
R, a <0 L[] == 8 v “4)

99 (3) 6 (4) TR INF AR, fa| 2 —a

(iv)-|a| <a<|a

SAM: @2 € R GF T [a] 2a = 8 <[] covvvirrnessnren (1
IR AT a c R QT faf 2-a = —|a] S8 vrrnenn )
93T (1) 8 (2) R AT 1R, -|a] <a<]|a
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